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Abstract 

Qh' The vrvr scattering is studied in two-flavor chiral models with a flnite pion mass to 

o ■ investigate the nature of the a meson which is observed as the lowest scalar-isoscalar 

^ , resonance. We compare several models with different origins of the a meson, such as 

the chiral partner of the pion and the dynamically generated vrvr molecule. We find 

that the dynamically generated a meson exhibits a novel pattern of the threshold 

^ , enhancement reflecting the s-wave nature of the resonance, which is qualitatively 

OO \ different from the softening of the chiral partner introduced as a bare field. This 

behavior around the threshold energy region is universal as far as the bare a pole 

stays away from the threshold throughout the symmetry restoration process. On 

the other hand, for m^ = 0, the dynamically generated a behaves similarly to the 

(3 ' chiral partner in the symmetry restoration limit, implying the possibility of the 

^^ ■ dynamically generated chiral partner. 
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1 Introduction 



Recent progress in scattering theory [T|2|3] as well as the refinement of ex- 
perimental analyses pi5] have been revealing the precise pole position of the 
a meson in the vrvr scattering amplitude, apart from the pioneering works in 
Refs. IS1I71I5MTUJI11II12II13II14II15I fas a review, see Ref. HSl). These activities 
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are establishing the existence of the a meson, the lowest scalar-isoscalar res- 
onance in QCD, as it is now listed in the table of the Particle Data Group 
(PDG) [T7]. Because naive constituent quark models with the qq description 
for the scalar mesons have difficulties in reproducing the light mass of the a 
and the mass spectrum of scalar nonets, various internal structures beyond 
the simple qq have been proposed: the four-quark state with strong diquark 
correlation [T8|19|20|[2T| . the collective qq excitation j7|22|23|24|25|26j . the dy- 
namically generated mesonic molecule Pll2|13|14j and the glueball [27]. Al- 
though several approaches based on QCD have been performed P5|29|3U|IST] . 
the understanding of the structure of the lowest scalar-isoscalar meson has not 
been settled yet. 

It is our aim to study the internal structure of the a meson. Conventionally, 
the structure of hadrons has been examined by comparing the prediction of 
the model with the experimental information such as the mass spectrum, the 
decay properties, and the scattering phase shifts. An alternative approach 
is to study the response to the change of the internal/external parameter 
of the models. For instance, the structure of the a meson was investigated 
by changing the number of colors {N^) which enables one to extract the qq 
component of the mesons P^33|34|[55] . Following the latter philosophy, in 
this paper, we focus on the softening phenomena of the a meson associated 
with the partial restoration of chiral symmetry, possibly in hot and/or dense 
matter. 

Although the a meson has a huge decay width in vacuum, it might become a 
sharp resonance when chiral symmetry is partially restored in a medium with 
high temperature and/or density p^25|26] . In this case the strong enhance- 
ment of the TTTT cross section is caused near the threshold in the / = J = 
channel, which is called the softening of the a meson. There have been some 
attempts to observe the softening experimentally in order to establish the chi- 
ral symmetry restoration, but eventually it turns out that the separation of 
the medium effect from the final state interaction is difficult (see e.g. |36]). 

In the linear sigma model [37] , the mechanism of the softening is understood 
as the decrease of the bare mass of the a meson, which leads to the suppression 
of the phase space and hence the spectrum shows a sharp peak. The threshold 
enhancement of the cross section is observed also for the dynamically gen- 
erated a meson without a bare field, owing to the in-medium reduction of 
the pion decay constant [38|39|40] . In this case, the mechanism of the soften- 
ing would be attributed to the enhancement of the attractive vrvr interaction, 
which changes the resonance into bound state. It is important at this point 
to recall the property of the dynamically generated s-wave resonance. A spe- 
cial nature of the s-wave resonance is that, when the attraction is increased, 
the resonance pole on the second Riemann sheet moves below the threshold 
keeping finite width, which is called the virtual state, prior to becoming the 



bound state on the first sheet. This will provide a novel softening pattern, 
which enables us to discriminate the different structure. 

Our discussion will be based on a dynamical chiral model in which the vrvr 
scattering amplitude is constructed by respecting the chiral symmetry and 
unitarity, in order to describe the a meson and the softening phenomena. The 
a meson is expressed as a resonance pole in the tttt scattering amplitude, and 
we can classify possible origin of the a meson into three classes: (i) the chiral 
partner of the pion, (ii) tttt molecule state dynamically generated by the tttt 
attractive interaction, and (iii) the CDD (Castillejo-Dalitz-Dyson) pole pT|12] 
whose structure originates in the other mechanism than chiral symmetry. Since 
we study the tttt scattering with the hadronic degrees of freedom, the struc- 
tures caused by the QCD dynamics, such as the four-quark state and the 
glueball are classified into this category. Note however that we are not able 
to pin down the origin of the CDD pole within the present framework. Our 
classification is similar to the old discussion of the elementarity/compositeness 
of a particle P3|44|45] . We examine these structures of the a meson and try 
to extract the influence of the different structure in the pattern of the soft- 
ening. Our approach, along the line with Refs. (SSEH], is rather schematic; 
we utilize two-flavor chiral models and the symmetry restoration is accounted 
for by the reduction of the chiral condensate (cr). It is therefore not our aim 
to produce a realistic in-medium spectrum for the quantitative comparison 
with experimental data, for which one may refer to the state-of-the-art calcu- 
lations |1^47f48|H^ . Rather, we want to study the qualitative behavior along 
with the symmetry restoration, which reflects the structure of the a meson. 
Although the physical sigma meson should be the mixture of different com- 
ponents, we examine simplified models in which the typical structures of the 
(J meson are realized. 

We also consider the properties of the a meson in the symmetry restoration 
limit for the discussion of the chiral partner of the pion. In Refs. [5I]|CT| the 
possibility of the dynamically generated state as the chiral partner was dis- 
cussed, based on the degeneracy of the masses in the restoration limit. Here 
we study the coupling strength of the o pole to the tttt scattering state and 
show that the coupling property is also useful to discriminate the structure of 
the o meson. 

This paper is organized as follows. We formulate the dynamical chiral models 
to describe the tttt scattering and the o meson in Section |2j The treatment of 
the symmetry restoration is presented in Section |31 together with the analysis 
of the behavior of the scattering amplitude in the symmetry restoration limit. 
Numerical study is presented in Section HI preparing several models with dif- 
ferent structure of the a meson, we first analyze the amplitude in vacuum to 
clarify the origin of the pole, and then introduce the symmetry restoration to 
study the softening phenomena. The last section is devoted to summary. 



2 The TTTT scattering in vacuum 



Here we introduce the dynamical models to describe the tttt scattering in 
1 = and J = channel. Based on an effective chiral Lagrangian, the tree- 
level amplitude is derived as the interaction kernel. We extend the amplitude 
in a way consistent with chiral symmetry by introducing a parameter which 
governs the strength of the pole contribution. We then unitarize the tree- 
level interaction through the nonperturbative resummation to obtain the full 
scattering amplitude. 



2.1 Tree-level amplitude for the rcrc scattering 



To derive the tttt scattering amplitude, we start from the effective chiral La- 
grangian of the linear sigma model in which the a and tt fields are constrained 
by chiral symmetry and introduced as the chiral partner: 

1 r 2A 

C =-Tr dMdM^ - fi'^MM^ - —{MM^f + h{M + M^) 

M = a + IT ■ TT. 

The Lagrangian is invariant under chiral SU(2)xSU(2) symmetry in the limit 
/i — > 0. For a negative /x^, chiral symmetry is spontaneously broken and vac- 
uum expectation value of the a field becomes finite, (a) ^ 0. Three parameters 
in the Lagrangian //, A, and h are determined by the physical quantities in the 
mean- field level: the chiral condensate (a), the mass of the pion tUt^, and the 
mass of the a meson nicr- The chiral condensate (a) is the order parameter of 
the symmetry breaking and coincide with the pion decay constant f-^ at tree 
level 
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The Lagrangian ([T]) can be rewritten in the nonlinear form by taking M = 
(((j) + d-)U and U = exp(ir ■ it /{a)). Since this is nothing but the field re- 
definition, the nonlinearized Lagrangian gives exactly the same result with 
the original form with [a, tt) fields [38]. On the other hand, the nonlinearized 
{a, tt) fields are useful to understand the relationship with the chiral perturba- 
tion theory where the a degrees of freedom is integrated out. In the following, 
utilizing both representations, we construct the scattering amplitude in a con- 
sistent way with chiral symmetry. 

Now let us derive the vrvr scattering amplitude at tree level. Crossing symmetry 



^ The pion decay constant /vr is related to the quark condensate in QCD {qq) 
trough the C 
G^ = Uml/{2mg) [52T53] . 
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through the Glashow- Weinberg relation fj^G-J = —{qq) with the couphng constant 



requires the tttt scattering amplitude in general to be 

Ttree(s, t, u) =A{s, t, u)6abScd + A{t, S, u)5achd + A{u, t, s)5adhc- (2) 

From the Lagrangian ([T]), the tree level contribution to the function A is 
calculated as 



A{s,t,u) = A{s) 



ml — ml {ml — ml) 



2\2 



(a)^ (cr)2 s — m,l 

ml (s — m?Y 1 



(o")2 (cr)^ s — m^ 



(3) 



The last expression can be also derived from the nonlinearized Lagrangian [38] . 
If the a meson has a large mass and is irrelevant for the low energy scatter- 
ing, the second term can be dropped and only the first term gives relevant 
contributions: 

2 
e — Ttl 

Alo{s) =-r^. (4) 

which corresponds to the leading order contribution to the tttt scattering in 
the chiral perturbation theory, and thus the second term of Eq. ([3]) is a part of 
the next-to-leading order contributions in the low energy expansion. In order 
to investigate the contribution from the a pole term, we introduce a parameter 
X in front of the second term as 

A[s] x) = X ——: -. (5) 

(cr)^ {a)^ s — m^ 

This amplitude reduces to Eq. ([3]) with x = 1 and to Eq. (jlj) with a; = 0. It is 
worth noting that both Eq. ([3]) and Eq. (jll) [and therefore the second term of 
Eq. ([3])] satisfy the Adler condition A{m,l,ml,ml) = [5^. This means that 
the amplitude ([5]) is consistent with chiral low energy theorem, even away from 
a; = 1 and a; = 0; indeed the consistency is clearly seen by the decomposition 
A{s; x) = xA{s) + (1 — x)Alo{s). The amplitude used in Ref. [TB] (and model 
B in Ref. [31]) which is motivated by degeneracy of the p and a meson and 
KSRF relation can be obtained by taking x = 1/2 and m,r — >■ in Eq. ©o 
As we will see below, extrapolation of the models by varying the parameter x 
is useful to study the origin of the resonance. 

To study the a meson, we project the amplitude onto the I = J = channel 



^ There is a difference from Ref. [39] in the treatment of the (cr)-dependence of the 
coupling constant. We will come back to this point later in the analysis of the chiral 
symmetry restoration. 



in the center-of-mass frame 
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where we have used the relation in the center-of-mass frame 
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Clearly, the familiar results of the linear sigma model pi55] and chiral pertur- 
bation theory are reproduced by x = 1 and x = 0, respectively, 
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In the present work, we concentrate on the property of the a meson and we do 
not include the effect of the p meson in J = J = 1 channel. It is known that 
the standard linear sigma model does not provide the empirical low energy 
constants of the chiral perturbation theory [56] and the next-to-leading order 
terms are saturated by the p meson pole contribution [57], so the p should 
be included for a quantitative calculation of the tttt scattering amplitude. 
However, in the present study, we deal with the softening phenomena of the 
a meson in / = J = channel, where the effect of the p exchange does 
not directly contribute as the s-channel diagram, as far as we consider the 
isospin symmetric environment. Moreover, the low energy amplitude around 
threshold should be governed by the leading order interaction, while the t- 
channel p exchange contributes to the next-to-leading order terms. Indeed, as 
studied in Ref . [39] , the existence of the p meson exchange term does not alter 
the qualitative feature of the softening of the a meson near the restoration 
limit, since the a pole approaches the low energy region where the amplitude 
is dominated by the leading order term. 



2.2 Sign of the contact interaction 



For later convenience, we study the sign of the interaction (Q for different 
values of x. We divide the tree-level amplitude ([6]) into the "pole" term and 



the "contact" term, by isolating the a pole contribution: 
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The pole term is chosen such that the residue is energy independent, and the 
contact term is defined as those which are not singular at the pole position as 
functions of the energy. In this definition, the contribution from the pole term 
is dominant only at the energy region around the pole mass, while the other 
energy region is dominated by the contact term. 

In order to investigate the sign of the contact interaction, we consider asymp- 
totic behavior of TI^cc" ^^ i^'-, x) at s -^ oo: 



TtT^'\s-x) =<!-5^^^|^ x = l. (9) 
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At the threshold (s = 4m2), the amplitude behaves as 

(>0 x<C 

Ti-'''Hs;x)l^^^A = o x = C, (10) 

[<0 x>C 

with the critical value of x being 

7 
(J = ! n X) 

3?7i2 /77i2 + 6 — 2m2 /m^ ' 

where < C < 1 for rricr > fn,r > 0. In the chiral limit (m^ = Q), C = 0. For 
m^ = 140 MeV and m^ = 550 MeV, we obtain C ~ 0.134. 

Combining Eqs. (Q and ( ITOj) . we summarize the sign of the contact interaction 
in Table [H For x < C {x > 1) the interaction is attractive (repulsive) for 
whole energy region, while the sign of the amplitude depends on the energy 
for C < X < 1. We find that the contact interaction for x < 1 is attractive at 
least for some energy region above the threshold. The existence of an attraction 
is crucial for the dynamical generation of resonance, as we will see below. 



Table 1 

Sign of the contact interaction at s — )■ oo and at the threshold with parameter x. 

The constant C is given in Eq. (jlip . 
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Eq. flTOj) shows that the contact interaction at the threshold changes the sign, 
depending on the parameter x. This sounds contradicting with chiral low en- 
ergy theorem for the tttt scattering length [SS] • Note however that the vrvr scat- 
tering length is given by the sum of the TtreT '^^ (4?ti^, x) and Ttree {^rrii, x), 
namely there is another contribution from the pole term. Indeed, in the form 
of Eq. (6), the leading order contribution in the low energy expansion is con- 
sistent with the chiral theorem, irrespective of the value of x. The effect of the 
(higher order) a pole term gives a deviation of the scattering length from the 
value of the low energy theorem. In the numerical analysis (Table [3]), we show 
the deviation of the scattering lengths for several values of the parameter x. 



2. 3 Unitarization of the amplitude 



The tree-level amplitude increases with energy so that it violates the unitar- 
ity at a certain kinematical scale. From the optical theorem, the unitarity 
condition is given by 

Im T-\s) = -^ for s > Ami, 



where 0(s) = {16n)~^Jl — Arn^/s is the two-body phase space function. A 
simple way to obtain the unitarized amplitude is the inverse amplitude method 
used for instance in Refs. [55|38] . Here we utilize the prescription in Ref. [32] 
based on the N/D method, where the real part of the amplitude is determined 
by the imaginary part to satisfy the dispersion relation, so the analyticity is 
preserved. In this method, we decompose the scattering amplitude T{s) into 
the numerator N{s) and the denominator D{s) which are responsible for the 
unphysical cut and the unitarity cut, respectively: 



D{s) 

1 r^ , ,Q{s')N{s') 



D[s) = / as ^ h (subtractions) + (pole terms), 

,,, , 1 /•«lett .2Im T(s')£'(s') , , . ^ / , ^ ,-,r.^ 

N{s) = — / ds' ^ ^ ^ ^ + (subtractions) + (pole terms), (12) 

2lT J-oo S' — S 



where Sth = ^fn^ and Sicft = for the tttt scattering and the subtractions are 
introduced to make the integration convergent and possible ODD poles can 
contribute to the dispersion relations |32]- The left hand cut is responsible for 
the crossed channel dynamics. Since the left hand cut lies in the subthreshold 
region, its effect to the resonances above the threshold is in general considered 
to be small. Neglecting the contribution from the left hand cut flT2|) and putting 
N{s) = 1, we obtain a general expression of the scattering amplitude which 
satisfies the unitarity condition. Matching the chiral interaction Ttj.(.c{s]x) in 
the loop expansion of the full amplitude T{s]x), the unitarized amphtude 
which is consistent with chiral low energy theorem is given as 



T{s; x) =— ^— J-— --, (13) 



G{s) 
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where a{fi) is the subtraction constant at the subtraction scale fi. Because of 
the rescaling relation a(yu') = a{fi) + 21n(/i'/yu), there is one degree of freedom 
of cutoff, which corresponds to the single subtraction in the dispersion theory. 
In the following we choose the subtraction scale at /^ = m^ and denote the 
subtraction constant at this scale as a = a(m,.„). 



Let us consider the pole singularities of the full amplitude T. If the tree-level 
amplitude has the pole of the bare a state on the real axis (e.g. x 7^ case), 
then the bare state acquires a finite width in the full amplitude, through the 
coupling to the vrvr state. On the other hand, even if the tree-level interaction 
does not contain the bare state, a sufficiently strong attractive interaction 
will generate a resonance dynamically in the full amplitude, since Eq. (1131) 
corresponds to the infinite resummation. 

Since the amplitude has the unitarity cut on the real axis above the threshold, 
the complex energy plane has two Riemann sheets. Causality prohibits the 
existence of the pole singularity in the first Riemann sheet except for the 
bound states, so the pole corresponding to the resonance state should appear 
in the second Riemann sheet. In the expression (fT3!) . the analytic structure of 
the amplitude T{s;x) is determined by the loop function G{s), and therefore 



the amplitude in the second Riemann sheet T// is given by 
Tii{s;x) =7f=T-( ^— TTTT' 

Ttree\S;x) +Gll[s) 



We use this expression when we search for the resonance pole. 

As we mentioned, the bound state pole appears on the real axis in the first 
Riemann sheet below the threshold, and the resonance pole appears in the 
complex energy plane in the second Riemann sheet above the threshold. In 
the s-wave scattering case, there is another class of singularity, called the vir- 
tual state, as is known for the spin-singlet deuteron [59pD] . Theoretically, the 
virtual state is expressed by the pole in the second Riemann sheet below the 
threshold. The virtual state pole may be accompanied by the finite imaginary 
part, even below the threshold. Experimentally, we can observe its remnant 
as an enhancement of the spectrum near the threshold together with a large 
attractive scattering length. We shall see that the virtual state plays an im- 
portant role in the softening of the dynamically generated a meson. 

In the loop function G{s), the subtraction constant a should in principle be 
determined by fitting experimental data, in order to compensate the effects 
which are not included in the model setup. However, to concentrate on the 
dynamical nature of the resonances, here we determine the subtraction con- 
stant by excluding the nontrivial CDD pole in the amplitude [61]. This can 
be achieved by imposing the condition 

G{s) = at s = ml, (15) 

which leads to 

a^-j.. (16) 

With the subtraction constant flT6|) . the scattering amplitude T reduces into 
the tree level one Ttrec at s = ?7i^. This condition will be important when we 
discuss the properties of the a meson in the restoration limit. Similar condi- 
tions have been used in a different context, for instance, through the consis- 
tency with the amplitude of chiral perturbation theory [62|63] and through 
the matching with the w-channel amplitude p!5|63] . 

In the present context, we emphasize that Eq. flT^ can be used to single 
out the origin of the resonance [M] . It has been shown in Ref . [M] that the 
condition ( !T5|) excludes the possible CDD pole in the loop function. Therefore, 
under the renormalization condition ( !T5|) . the origin of the resonance except 
for the dynamically generated one can be attributed to the pole term in the 
interaction kernel Ttree- 
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The present unitarization method is based on Ref. [32], where we put A^ = 1 
in the derivation of the amphtude. The framework used in Refs. [T5|39] . on 
the other hand, sets A^ = Ttree (single N/D iteration). For more quantitative 
analysis of the vrvr scattering, one may also take into account the effect of the 
left hand cut. However, we numerically checked that our model is qualitatively 
consistent with Ref. [39] in the limit m^r — > 0, so we expect that the difference 
of the N/D framework would not change the qualitative feature of the softening 
drastically, and that the amplitude flT3|) is sufficient for the present purpose. 



3 Chiral symmetry restoration 



Here we consider the restoration of chiral symmetry and discuss the chiral 
partner of the pion. Let us first consider the property of the chiral partner 
based on symmetry principle. Lagrangian ([1]) clearly shows that the mass of 
the 0" is degenerated with the pion mass in the Wigner phase where (a) = 0. It 
is also observed that there is no three-point vertex for (a) = 0, which indicates 
that the cttttt coupling constant should vanish in the restoration limit. Thus, 
we adopt the conditions for the a meson as the chiral partner of the pion in 
the restoration limit as 

(i) the degeneracy of the mass with the pion and 
(ii) vanishing of the coupling to the vrvr scattering state. 

In the following, we first introduce the effect of the symmetry restoration in the 
present model, and then analyze the properties of the tttt scattering amplitude 
in the restoration limit. 



3. 1 Prescription for chiral symmetry restoration 



In this study, we introduce the effect of the symmetry restoration from the 
outside of the model, by changing the parameter of the model. Chiral conden- 
sate should decrease with the chiral symmetry restoration, so we parametrize 
the condensate by 

{a) = <I>(a)o, < $ < 1, (17) 

where (cr)o is the condensate in vacuum and $ is the parameter which con- 
ducts the symmetry restoration; $ = 1 corresponds to the vacuum without 
symmetry restoration and $ = to the restoration limit. This treatment may 
be justified by the mean-field contribution to the in-medium modification of 
the condensate in the linear sigma model. It is also the case for the nonlinear 
Lagrangian with proper renormalization of the pion field 
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There are two more parameters in the model, ?Ti,r and rrirj whose dependence on 
the symmetry restoration should be also specified. The behavior of the pion 
mass at finite temperature/density has been studied in various approaches. 
The weak dependence of the pion mass on the symmetry restoration, at least 
for low temperature/density, has been found in the linear sigma model [6^|65] , 
the Landau mean- field theory [66] , the N JL model [M|25|26] , the chiral pertur- 
bation theory |67j, the QCD sum rule [68], and the Dyson Schwinger equation 
model [69] . We therefore assume that the mass of the pion does not change: 

m^ = const. 

For the amplitude without bare a pole (x = 0), this completes the prescription 
for the symmetry restoration. For x 7^ 0, we need to specify the property of 
the bare a mass m^. 

If the a meson is the chiral partner of the pion, the mass of the bare a should 
be degenerated with the pion when the symmetry is restored: 



m„ 



= m^r (case I), (1^ 



which can be achieved by 



TJla 




with A and ttt,^ being fixed. This is similar to the treatment of Ref. [38] • On the 
other hand, we may consider that the bare a has different origin from chiral 
symmetry (the ODD pole). In this case, we assume that the mass of the bare 
a should be unchanged: 

m^ = const, (case II). (19) 

This is similar prescription with Ref. [39] . 

In this study we do not introduce the medium effect to the loop function G{s). 
One may consider the medium modification of the pion propagator at finite 
temperature [IQ] or density [Tr]H9] . as well as the scale dependence of the cutoff 
value which results in the modification of the renormalization constant [70j . 
Our strategy here is to prepare the purified model in vacuum, and extrapolate 
it to the symmetry restored world by changing the interaction kernel. We keep 
the renormalization condition in vacuum throughout the symmetry restoration 
process, and let the change of (a) in the interaction kernel be responsible for 
the chiral symmetry restoration. 

Let us summarize the possible ((T)-dependence of m„ for different values of 
parameter x. For x = 1, both case I and case II are allowed in principle. The 
sigma field is absent for a; = 0, so the property of the a mass is irrelevant in 
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this case. For a model with x 7^ 1, we adopt case II, so that the origin of the 
(J is attributed to the CDD pole. 



3.2 Behavior of the o in the restoration limit 



Without the symmetry restoration, the full scattering amplitude has a reso- 
nance pole of the sigma meson. Here we would like to study the fate of the 
resonance in the restoration limit, by looking at the behavior of the vrvr scat- 
tering amplitude with (a) being decreased to zero. We compare two cases: the 
amplitude with x = \ and the case I for the (cr)-dependence of mg., and the case 
II for the rrirj with an arbitrary x. The former corresponds to the sigma meson 
as the chiral partner of the tt, while the latter to the dynamically generated 
sigma [x = 0) or to the CDD pole contribution (x 7^ 0). 

We first consider the case I with x = 1. We rewrite the tree level amplitude 
to visualize the (o")-dependence in m^ as 



3 3 s-m2-|(a)2 

m 



9 s-Aml s-3m2 + |(a)2' 

In this expression, chiral symmetry restoration is achieved by taking (cr) — )■ 
with A and ?n^ being fixed. The second term represents the bare pole of the a 
meson. As (a) — )■ 0, the mass of the bare a decreases and finally it coincides 
with the pion mass. Because our renormalization condition requires G{s) = 
at s = m^, the full amplitude T(s; 1) reduces to the tree level one Ttree(s; 1) 
at s = 777,2 |-ggg -gq_ f|T51) ]. So the full amplitude T(s; 1) also has a pole at the 
pion mass in the restoration limit. To extract the mass of the state Mpoic and 
the coupling to the scattering state g, we approximate the amplitude by the 
Breit-Wigner form around the pole as 

ns;i)-—47^. (20) 



M^, 



In the present case, we find 




SO that 

5f -)■ 0, Mpoic -^ m^ for (a) -)■ (case I). (21) 

Namely, as anticipated, the mass of the a meson is degenerated with the pion 
mass, and the coupling to the vrvr scattering state vanishes in the symmetry 
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restoration limit. This satisfies the conditions for the chiral partner (i) and 
(ii) we mentioned above. 

Next, we discuss the case II where m^j is independent of (a). Strictly speaking, 
in the nonlinear realization, theory is not defined at (a) = 0, but we can inves- 
tigate the asymptotic form of the amplitude when we approach the restoration 
limit. For the case II, (cr)-dependence of the tree- level amplitude ([6]) stems 
from the overall factor, 

Ttrec(s;x) oc -— -. (22) 

Taking the restoration limit (cr) — t- 0, this term diverges, and therefore the 
full amplitude is solely determined by the loop function G{s), irrespective to 
the value of x and ttIo-: 

Thus, for case II, the pole of the amplitude is given by the zero of G{s) in 
the restoration limit. Interestingly, with the present renormalization scheme 
of Eqs. ( fTSj) and ( fT6l) . we require G{s) = for s = rn^. This means that the 
renormalization scheme guarantees the existence of a pole at the pion mass in 
the a channel. 

Since the analytic form of the G{s) function is known, the coupling constant 
g can be evaluated by calculating the residue of this pole: 



/|{<7Ho = -{s-ml)T{s) 

,2 



s->-m2 ,(o-)-)-0 




(24) 



Thus we obtain a finite coupling constant which is proportional to ?ti^ and 
positive definite. This may be a reasonable result, since the coupling constant 
g has the dimension of mass in the present definition, and in the restoration 
limit ((cr) — )■ 0) the pion mass is the only quantity which has mass dimension. 
Therefore, the coupling constant should be proportional to m^r, if it does not 
vanish. In summary, we obtain 

5f -^ 47r ( -—-r= - -\ m^, Mpoic -^ m^ for {a) -^ (case II). (25) 



Let us consider the implication of this result to the chiral partner. Strictly 
speaking, the notion of the chiral partner is defined only in the chiral limit 
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(mTT -^ 0), where the SU(2)xSU(2) symmetry is exact in the Wigner phase. 
In the chiral hmit, both Eqs. (12T]) and ( 125|) indicate 

g ^0, Mpoie -^ for (a) ^ (chiral hmit). (26) 

so the asymptotic value of the mass and coupling constant of the a pole is 
exactly the same with each other. Note that for x = 0, there is no bare a state 
in the beginning, so the pole of the amplitude corresponds to the dynamically 
generated a meson. Eq. (126|) shows that the amplitude in this case also has a 
pole which behaves like the chiral partner in the restoration limit. This implies 
that the dynamically generated a meson behaves as the chiral partner of the 
pion in the chiral limit. It should be mentioned that in the present calculation 
we have neglected the left hand cut, whose effect will become important when 
we decrease the pion mass, since the threshold energy Sth = 4m^ comes closer 
to the branch point of the left hand cut, Sieft = 0. 

The possibility that the dynamically generated a can be the chiral partner has 
been discussed in Refs. |5(J|IM] based on the mass degeneracy in the chiral limit. 
Here we study the property of the a pole with explicit symmetry breaking, 
and evaluate not only the asymptotic value of the mass but also the coupling 
constant to the vrvr scattering state. This analysis shed new light on the sce- 
nario of dynamically generated a meson as the chiral partner. In the present 
model, the renormalization condition flT^ . which was introduced through the 
matching with the chiral low energy theorem pT|62|63] . guarantees the mass 
degeneracy of the a and vr. 



4 Numerical analysis 

4-1 Structure of the a meson in vacuum 



Here we perform numerical calculation to study the property of the a meson 
with the symmetry restoration. The parameters in the Lagrangian are fixed by 
demanding (cr)o = 93 MeV, tUt^ = 140 MeV, and ttIo- = 550 MeV in vacuum. 
We use the parameter x and the bare a mass behavior with the symmetry 
restoration (case I and II) to characterize possible structure for the a meson. 

We first consider the case where the a meson is the chiral partner of the 
pion as in the linear sigma model. This can be realized by taking x = 1 
and case I, to which we refer as "model A" . If the a meson is not the chiral 
partner, there are two possibilities for the origin: dynamical state generated 
by the vrvr interaction or the CDD pole created by mechanisms other than 
chiral dynamics. To construct the purely dynamical state, we choose x = 
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Table 2 

Properties of the models: value of the parameter x, sign of the contact term, (o")- 
dependence of rria, number of poles in the full amplitude T, and possible origin of 
the pole(s). 



contact term 



rUn 



num. of poles origin 



model A 
model B 
model C 
model D 



1 repulsive 

attractive 

1 repulsive 



case I 

(irrelevant) 

case II 



1/2 partly attractive case II 



1 CDD (chiral partner) 

1 dynamically generated 

1 CDD 

2 CDD + dynamically generated 



Table 3 

The scattering length ([27|) by the tree level (atree) and by the full amplitude (a) 
in units of m~^, and pole positions of the amplitude in vacuum. Empirical values 
for these quantities are acxp ~ 0.222m-^ |71l72j and z = Ul - 272i MeV [3], 
respectively. 





Otree [w-^^] 


a [mj] 


pole positions in vacuum [MeV] 


model A, 


C 


0.214 


0.244 


423 - 126i 


model B 




0.158 


0.174 


364 - 356i 


model D 




0.186 


0.208 


512 - 162z, 732 - 295i 



and call it "model B". In this model, there is no bare a propagator in the 
interaction and the present renormalization condition excludes the CDD pole 
in the loop function. Since there is no bare a meson, the prescription of M„ 
for the symmetry restoration is not relevant here. 

When the a meson is accounted for by the CDD pole, its physical origin would 
be, for instance, the four-quark state with strong diquark correlation, the 
glueball, or some more exotic structures including their mixings. We expect 
that the bare mass of the a should not strongly depend on the symmetry 
restoration, so we adopt case II for the (cr)-dependence of the ttIo-. We further 
classify this case by the sign of the contact interaction as discussed in Sec. 12.21 
Taking x = 1, the contact interaction is always repulsive (model C). With 
X = 1/2, the contact interaction is attractive for higher energy region (model 
D). In vacuum, model C is identical to model A. In this way, we prepare 
altogether four models as summarized in Table [2J 



Let us show the vacuum properties of the models. We first calculate the / 
TTTT scattering length a (in units of m~^): 







327r' 



-T(s = Ami 



(27) 



In Table [3] we show the result of a calculated by the tree level amplitude Ttree 
and the full amplitude T in each model. The result can be compared with 
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the Weinberg's low energy theorem aw [58|73] and the central value of the 
experimental determination Oexp from Ke4 decay [7T|72J^I : 



7m^ 

32n{a)l 



aw = ,, /,., ~ 0.158m;\ Oc^p ~ 0.222m;\ (28) 



Tree level result of model B corresponds to the value of the low energy theorem 
aw- In the other models, the effect of the a meson pole term gives positive 
contribution to the scattering length, namely it is attractive at the threshold. 
In all cases, the scattering length is slightly enhanced through the unitariza- 
tion procedure. The slightly small result in model B may indicate that the 
pure TTTT molecule for the description of the physical a meson is not sufficient. 
In the models A, C and D, the scattering length is enhanced by the sigma 
pole term. In the chiral perturbation theory, the next-to-leading order terms, 
dominated by the p exchange contribution, are responsible to reproduce the 
experimental value of the scattering length. In spite of the simple model setup, 
we find that the results are in reasonable agreement with data; the values of 
the scattering length are not very far from the experimental determination 
and the low energy theorem. 

Next we study the pole structure of the unitarized amplitude in each model 
in vacuum. The result of the pole positions and their possible origins are 
summarized in Tables [2] and [31 For reference, we note that the pole position 
is z = 441 — 272z MeV in the recent analysis of Ref. [3]. In models A and C, 
the bare a meson acquires finite width through the coupling to tttt state, and 
one pole appears in the amplitude. Thus the origin of the pole stems from 
the bare a pole in the tree- level amplitude. In model B, the attractive tttt 
interaction generates a resonance in the amplitude, which can be interpreted 
as the a meson. Note that this is a resonance in s-wave, which cannot appear 
in a simple nonrelativistic potential model. The energy dependence of the 
interaction is essential for the dynamical generation of an s-wave resonance. 
The energy dependence of the chiral interaction also plays an important role 
for the double-pole structure of the A(1405) baryon resonance [73|7B] . since 
the lower energy pole of the A(1405) originates in the s-wave resonance of the 
vrE channel. 

Although our purpose here is to prepare the models with purified structure of 
the a meson, it is possible to phenomenologically tune the subtraction constant 
from the value in Eq. f lTB]) for more quantitative description in model B. For 
instance, choosing the phenomenological subtraction constant ap^eno — ~5.75, 
we obtain the empirical scattering length of Ref. [7T|72] as a = 0.222m~^. 
In this case, the pole position is 2; = 469 — 179i MeV. When we use the 
subtraction constant ap^lcno = —4.5, scattering length is a = 0.204m~^ and 



^ Here we adopt the value of the scattering length extracted from the analysis of 
the KeA decay with isospin breaking correction [71] as reported in Ref. [72] . 
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the pole position of the amphtude is at 2; = 463 — 249^ MeV, which is close 
to the recent determination [3]. However, it is shown in Ref. [61] that the 
deviation of the subtraction constant from the value in Eq. fll6p is equivalent 
to the introduction of the pole term in the interaction kernel. Indeed, following 
Ref. [61], we obtain the effective mass of the pole term as 



Meff=y A^^l^' ^« = «Pheno + -^, (29) 

which gives us M^g^ = 597 MeV for aJ,hLo and m'^^ = 720 MeV for aJ,hlno- 
Therefore, to examine the purely dynamically generated a meson, we use 
Eq. (fT6|) in model B. We consider model C as a representative for the cases 
with pole term in the interaction kernel. 

In model D (x = 1/2), we obtain two resonance poles in the amplitude. We are 
tempted to interpret that one of the poles originates in the bare a state, and 
another is generated dynamically by vrvr interaction, as discussed in Ref. [39] . 
This interpretation may be reasonable from the sign of the contact interaction. 
In models A and C, the contact interaction is repulsive^] and hence, no state 
is dynamically generated. In model D, the bare state induces one pole, and 
the attractive force in the contact interaction generates an additional pole. 

To further illustrate the origin of the poles in model D, we study the trajectory 
of the pole positions by varying the parameter x in the left panel of Fig. [T] 
The pole obtained in models A and C is plotted by the square, which moves 
toward the bare a pole (denoted by the triangle) as we decrease the parameter 
X from 1 to 0. Although the bare pole is decoupled from the interaction in the 
limit of X = 0, the pole position asymptotically approaches the mass of the 
bare a pole. The decrease of the parameter x corresponds to the suppression 
of the coupling of the bare pole to the scattering state. This fact therefore 
implies that the origin of the pole in models A and C is attributed to the 
bare a pole. On the other hand, the pole obtained in model B (circle) moves 
to the higher energy region and finally disappears when we increase x from 
to 1. It is natural to interpret this pole as a dynamical state generated in 
the vrvr attraction. Since the attractive component of the contact interaction 
gradually switched off as x — )■ 1, the resonance becomes loosely bound and 
finally dissolves into continuum. 

The two poles in model D (crosses in Fig. [1]) are on the two trajectories, one 
connecting the pole at x = 1 with the bare pole, and the other from the 
pole at X = in model B. Based on the above discussion, we consider the 
former trajectory as the "bare state" branch, and the latter trajectory as the 



^ As pointed out in Ref. |11|77] , the four-pion interaction in the linear sigma model 
is repulsive. In section 2.2, we show that this also holds including the contributions 
from the s-wave projection of u- and i-channel diagrams. 
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Fig. 1. Left: Trajectory of the pole positions of the scattering amphtude varying 
the parameter x. Arrows indicate the direction of the movement of the pole as the 
parameter x is decreased from 1 to 0. Right: the same plot with bare a mass rrio- = 1 
GeV. 

"dynamically generated state" branch. Thus, we may identify one of the poles 
in model D originates from the bare a state, while the other is dynamically 
generated by the Trvr attraction. 

It is instructive to examine the case with a large value for the bare a mass in 
vacuum. In the right panel of Fig. [H we show the pole trajectories for x : — !■ 1 
with the bare o mass as m„ = 1 GeV where qualitatively different pattern 
from the left panel emerges. The pole at x = 1 moves to the dynamically 
generated pole at a; = 0, not to the bare a pole. The other branch from the 
bare pole is connected to infinity. In this case, the energy of the bare a pole (1 
GeV) is very high compared with the pole in the amplitude. The propagator 
of the bare a pole is then regarded as an effective contact interaction, which 
supplies the attractive force for the relevant energy region: 



-i(pole) , 



tree 



-3x- 



[m„ 



m 



2\2 



{ay 



+ 



for s <^ m„ 



mz 



rat 



(30) 



If the bare mass of the a is sufficiently high, the tree level amplitude is ef- 
fectively given by the leading order contribution of Eq. ([8]) plus some higher 
order corrections. In this way, the origin of the pole at x = 1 is considered 
as the dynamically generated one, when mo- is taken to be 1 GeV. We should 
however keep in mind that the property of a pole may change as we vary 
the parameter xl£j In addition, the dynamically generated state and the bare 
states are not orthogonal, so the physical state is the mixture of both. In this 
sense, the analysis of the pole trajectories should be regarded as a guidance 
for the origin of the state. 



^ The character change of the state during the extrapolation was discussed in the 
study of the Nc dependence of the A resonances in Refs. |78|79] . 
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To summarize, we prepare four models in which the amphtudes have different 
origins of poles as shown in Table [2l We consider the case of the dynamically 
generated a meson (model B), the case of the a meson as the CDD pole (model 
A for the chiral partner of the pion and model C for the state generated by 
quark-gluon dynamics), and the mixture of both dynamical and CDD pole 
(model D). 



4-2 Softening of the a meson 



For each model, we calculate the scattering amplitude, varying the chiral con- 
densate (a) from (cr)o to 0. The spectrum of the vrvr scattering amplitude is 
presented by the reduced cross section 

a = ^. (31) 

s 

We also plot the trajectory of the pole position of the amplitude to visualize 
the effect of the symmetry restoration. For convenience, plots are given by the 
functions of the total center-of-mass energy y/s. 

Fig. [2] shows the results of model A which corresponds to the standard linear 
sigma model. We observe that the softening of a takes place. The pole of 
the a moves to the lower energy side with reducing its width, and finally it 
becomes a bound state below the threshold at (a) ~ 0.6((t)o. Around this 
value of (o"), the bare mass of the a also moves to the bound region below the 
threshold. The spectrum of the a meson shows a clear peak structure around 
the threshold. In the limit of (a) — t- 0, the pole approaches the mass of the 
pion and finally coincide with it. Since the sigma pole moves far away from the 
threshold, with reducing the coupling strengths to the vrvr state, the spectrum 
observed above the threshold shows no prominent structure for (a) < 0.3((t)o. 
This is consistent with the behavior studied in section [372| although we should 
keep in mind that the effect of the left hand cut, which we have neglected, 
would become important for the bound state below threshold. This model 
manifests the standard scenario of the softening where the movement of the 
pole is driven by the decrease of the bare mass of the a pole in the interaction 
kernel] 



The results of model B is shown in Fig. [31 where the pole is dynamically 
generated by the attractive vrvr interaction. In this case, the change of the 
spectrum as well as the trajectory of the pole are qualitatively different from 



" Around the threshold, there is a small region in which the virtual state is formed 
as in model B. This reflects the eff^ect of the change of the property of the pole, as 
we discuss for model C. 



20 






u 

-100 










> 


- 




A ;^ . 


<0>: 


= <o>o 


-200 


- 








- 


^ 


-300 
-400 


- 






. 1 Ill 


- 




100 


200 


300 400 


5( 










Res 


"" [MeV] 





Fig. 2. Spectra of the a meson (left) and the trajectory of the pole positions (right) in 
model A (x = 1, case I). The symbols are marked with each 0.1 step of $ = {a) / {a)^. 
The arrow indicates the direction of the movement of the pole as the condensate 
{a) is decreased from (cj)o to 0. The poles on the first Riemann sheet is denoted by 
triangles, while the poles on the second Riemann sheet is plotted by crosses. The 
dotted (dashed) line represents the energy of the threshold (mass of the pion) . 











i - 




- , ^^' 




-100 


- 1 \ 


_ 


> 


-200 


! \ 


V 


^ 






\ 




-300 


" 1 


V 




-400 


-, ,1 


, 1 1 - 



200 300 400 

Res"- [MeV] 



Fig. 3. Spectra of the a meson (left) and the trajectory of the pole positions (right) 
in model B (x = 0). The symbols are marked with each 0.1 step of $ = {a) /{(t)q. 
The arrows indicate the direction of the movement of the pole as the condensate 
{(t) is decreased from (cj)o to 0. The poles on the first Riemann sheet is denoted by 
triangles, while the poles on the second Riemann sheet is plotted by crosses. The 
dotted (dashed) line represents the energy of the threshold (mass of the pion) . 

those of model A. We observe that the pole moves below the threshold keeping 
the finite width [IQ]. This phenomena is caused by the appearance of the 
virtual state. It is known that when the attractive interaction is strengthened, 
an s-wave resonance can become a virtual state which is characterized by the 
pole on the second Riemann sheet below the threshold energy. In model B, the 
reduction of the chiral condensate results in the enhancement of the attractive 
interaction as seen in Eq. ([8]), and hence the resonance in vacuum turns into 
a virtual state, before the two-body tttt system forms the bound state. 

Because of this special nature of an s-wave resonance, the change of the spec- 
trum shows a different pattern from the softening of model A in Fig. [2l In 
model A, the peak of the a meson becomes sharp and it causes the divergence 
of the spectral function when the real part of the pole approaches the thresh- 
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old. On the other hand, the pole of the dynamically generated a meson first 
moves to the second Riemann sheet of lower energy region than the thresh- 
old. In this case, due to the finite width, the spectrum does not shows the 
prominent peak structure, when the real part of the pole crosses the thresh- 
old. Once the pole reaches the real axis it moves toward the threshold on the 
second Riemann sheet Lj and finally it becomes a bound state on the first 
Riemann sheet, where we observe the divergence of the spectral function at 
the threshold. Since the interaction kernel given in Eq. ([8]) is a monotonically 
increasing function of s, we can use the argument in Refs. [5U|5T] to define 
the critical coupling strength with which the two-body attractive interaction 
generates a bound state. In the present case, the decay constant is changed 
with the coupling strength being fixed. The critical value of the condensate is 



^ ""^ 0.3(a)o. (32) 



2V37r 4 



This is indeed the value of (a) where the pole becomes the bound state. In the 
end, the a pole is degenerated with the pion mass for (a) — )■ in agreement 
with the discussion in section 13.21 The fate of the dynamically generated a 
meson has been discussed without explicit symmetry breaking in Ref. |39j . 

We note that it is essential to introduce the finite pion mass for the appearance 
of the virtual state, since the virtual state can appear in the energy region 
below the threshold ^/s < 2?Ti^. The mechanism of the appearance of the 
virtual state is the same as the quark mass dependence of the a pole found in 
Ref. [52] • In this respect, inclusion of the finite pion mass should not change 
the softening of the p meson in / = J = 1 channel from the results in the 
chiral limit [39], since the p appears in p-wave vrvr amplitude and thus no 
virtual state is allowed (see also Fig. 1 in Ref. [82]). In this sense, for 772,^ 7^ 0, 
the softening of the dynamically generated a is qualitatively different from 
that of the p, in contrast to the universality found in the chiral limit [39] . This 
is indeed demonstrated in Ref. 



It is instructive to study the pole structure in the different Riemann sheet for 
the elementarity/compositeness of the sigma meson. The old discussion of the 
compositeness by Weinberg [I3|44f45] was later interpreted as the asymmetry 
of the poles in the first and the second Riemann sheets [53115^ : if a bound 
state is an elementary (a composite) particle, the shadow pole in the second 
Riemann sheet locates close to (far away from) the position of the bound 



^ There are always two poles in the amphtude, namely, there is another branch of 
the pole trajectory in addition to the trajectory shown in Fig. [3j When the pole has 
finite imaginary part, the other pole exists aX, z = z* with Im 2: > on the second 
Riemann sheet. After the pole reaches the real axis, the other pole goes to the lower 
energy direction on the second Riemann sheet. Here we focus on the most relevant 
pole to the spectrum above the threshold. 
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Table 4 

Pole structure of the a meson in models A, B and C, when the bound state appears 
just below the threshold. Bound state pole is on the first Riemann sheet, while the 
virtual state pole lies in the second Riemann sheet. 





$: 


= (^)/(^)o 


bound state 


[MeV] 


virtual state [MeV] 


model A 




0.55 


279 




240 


model B 




0.28 


279 




140 


model C 




0.32 


279 




150 



state pole in the first Riemann sheet. To study the structure of the bound 
states in models A and B further, we search for the shadow pole in the second 
Riemann sheet when the bound state appears just below the threshold. The 
results are summarized in Table HI together with the value of $ = {(j)/{(j)q 
to have the bound state at ^/s = 279 MeV. The virtual pole appears at 240 
MeV in model A, while the virtual pole in model B is at 140 MeV which is 
far away from the bound state pole at the threshold. This result indicates the 
bare a nature of the bound state in model A, and the bound state in model 
B can be interpreted as the vrvr molecule dominant state. 

In Fig. Hlwe compare the spectra of model A and model B where the difference 
between two models is clear. In model A, the peak of the a spectrum becomes 
sharp at (a) = 0.6((t)o, while no prominent structure can be seen in model B, 
although the real part of the pole is close to the threshold, as seen in right 
panel of Fig. [31 Because of the finite width, the pole in model B does not affect 
the spectrum on the real axis very much. The strong threshold enhancement 
in model B is observed at (a) = 0.3(cr)o, where the peak of the model A 
is already flattened. Thus, the threshold enhancement takes place at different 
values of (a) in model A and model B, because the effect is caused by different 
mechanism. In model A, the softening is driven by the movement of the bare 
a pole. In model B it is caused by the enhancement of the tttt attractive 
interaction and the formation of the virtual state is crucial for the difference 
from model A. 

Near the chiral restoration (a) = 0.1{a)o, model B still shows the strong peak 
at the threshold, while the strength in model A is rather weak. This is partly 
caused by the difference of the movement of the pole as seen in Figs. |2] and 
131 but is also related to the asymptotic behavior of the arnr coupling. In the 
restoration limit, the coupling vanishes in model A as seen in Eq. (^T^, while it 
remains flnite in model B as in Eq. ( 12^ . Therefore, although the a pole moves 
toward the pion mass in both models, the pole in model B has stronger effect on 
the TTTT spectrum above the threshold. In this way, the dynamically generated 
a meson in model B shows the threshold enhancement of the spectrum, but 
its behavior is qualitatively different from the a meson as the chiral partner. 
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Fig. 4. Comparison of spectra of the a meson in model A (solid lines) and model B 
(dotted lines) for several values of the condensate (a). The dashed line represents 
the threshold. 

In Fig.O we show the result of model C In this model, the interaction contains 
the bare a pole whose mass does not change with the symmetry restoration. 
Qualitative behavior of the pole position is similar to that in Fig. |3l namely, 
the pole becomes the virtual state before forming the bound state. In compar- 
ison with models A and B, this indicates that the resonance is dynamically 
generated. However, as we have discussed in section 14.11 the origin of the pole 
in vacuum is attributed to the bare pole in this model. This implies that the 
nature of the resonance is changing from the CDD pole to the dynamically 
generated one, as the symmetry is gradually restored. 

Actually, the change of the property of the a pole can be traced by studying 
the behavior of the pole in the limit of x — )■ 0. Fig. E] shows the trajectory of 
the pole when the parameter x is changed from 1 to 0, for several values of 
(cr). As we saw in section HTTj for (a) = (cr)o, by the decrease of the parameter 
X, the pole approaches the energy of the bare state. For the smaller values 
of (a), the pole moves toward the position of dynamically generated pole at 
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Fig. 5. Spectra of the a meson (left) and the trajectory of the pole positions 
(right) in model C (x = 1, case II). The symbols are marked with each 0.1 step 
of <I> = (cr)/(cr)o. The arrows indicate the direction of the movement of the pole as 
the condensate {a) is decreased from ((t)o to 0. The poles on the first Riemann sheet 
is denoted by triangles, while the poles on the second Riemann sheet is plotted by 
crosses. The dotted (dashed) line represents the energy of the threshold (mass of 
the pion). 

X = 0. This indicates that the property of the pole changes from the bare 
pole origin to the dynamically generated one. This change can be understood 
in the following way. When we decrease the condensate (a), the pole in the 
amplitude moves to the lower energy region, so the relative importance of the 
bare pole contribution decreases and it is effectively regarded as an attractive 
contact interaction given in Eq. (130|) . As a consequence, the property of the a 
pole in Fig. [5] is dominated by the dynamically generated component when its 
real part crosses the threshold, leading to the formation of the virtual state. 
The dynamical nature of the a pole near threshold can be further confirmed 
by checking the position of the shadow pole (see Table HI). We find the virtual 
pole at 150 MeV for the bound state at 279 MeV. The large deviation indicates 
the composite nature of the bound state. 

The result in model C is also instructive in comparison with model A and 
model B. We have discussed the difference of the softening between model A 
and model B, but it should be noted that the pole positions in vacuum are 
different from each other. In this respect, model C is a good example which 
has the same amplitude and the pole position with model A in vacuum, and 
shows the softening pattern of dynamically generated sigma meson for small 
{a). Indeed, through the argument in Ref. [HI], model C can be also regarded as 
the model in which the interaction has no bare pole term with the subtraction 
constant being adjusted such that the pole position in vacuum becomes the 
same as those in model A. Comparing model C with model A, we conclude 
that the position of the pole in vacuum does not change the qualitative feature 
of the softening of the dynamically generated sigma. 

Finally we show the result of model D in Fig. [7] where two poles appear in 
vacuum. As the symmetry is restored, the lower energy pole goes toward the 
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Fig. 7. Spectra of the a meson (left) and the trajectory of the pole positions (right) 
in model D (rr = 1/2, case II). The symbols are marked with each 0.1 step of 
<I> = ((7)/((t)o. The arrows indicate the direction of the movement of the pole as the 
condensate (a) is decreased from ((t)o to 0. The poles on the first Riemann sheet 
is denoted by triangles, while the poles on the second Riemann sheet is plotted by 
crosses. The dotted (dashed) line represents the energy of the threshold (mass of 
the pion). 

threshold and shows the similar pattern with models B and C Although the 
origin of the lower energy pole in model D is considered to be the bare pole 
in vacuum, the similar character change with model C takes place and the 
nature of the pole becomes dynamically generated one when the pole comes 
close to the vrvr threshold. 

The higher energy pole in vacuum moves to the higher energy direction with 
reducing its width. At (a) — )■ 0, the pole approaches a/s ~ 903 MeV. This is 
not the position of the bare pole, but is the zero of the interaction Ttree- Note 
that the interaction kernel has a zero only for C < x < 1, where the contact 
interaction changes the sign (see Tabled]). For an illustration, let us consider 
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that Ttrec has a zero at s = sq, and examine the behavior of the amphtude 
around s = sq. Writing Ttrec = (o')^^tree, the full amplitude can be expressed 
as 

T{s; x) = I^ld^ . (33) 

Since we just factorize (a), T^rcc also vanishes at s = Sq. Considering a small 
but finite (o"), the full amplitude T{s;x) is always zero at s = sq- For the 
energy s = sq + e with |e| ~ (c)^, the denominator of the amplitude ( l33l) can 
be expanded as 

(a)' + e[G'(so)rt,.ec(so; x) + G{so)fl^,,{so; x)] + 0{^) 
= {af + eG{s,)fl^,,{s,- x) + 0{^), (34) 



where X'[sq) = dX{s)/ds\s=so and we have used Ttree(so; a;) = 0. Eq. ([3i 
indicates that the amplitude fl33l) has a pole at e = — (cr)^/[G'(so)T4ec('^o; 3;)] 
which is complex since G{s) is complex above the threshold. This is the pole 
toward which the higher energy pole moves in Fig. [71 Note also that the 
residue of this pole is eT4ec(so; x) + 0{e^) so the coupling to the vrvr state also 
gradually vanishes. Therefore, when it approaches the real axis, this pole is 
not physically relevant, in the sense that it does not affect the spectrum very 
much. In the limit of (a) — >■ 0, T{s] x) — ;■ [(^(s)]"^ and it is regular at s = Sq. 

One may consider that this pole should move to the energy of the bare pole. 
Actually, in Ref. [39], the softening phenomena of a similar model (denoted 
by ^^ Model B") is studied in the chiral limit. There are two poles in vacuum, 
and one of them moves to the origin, while the other moves to the bare pole 
when the symmetry is restored. 

There is a difference in the treatment of the coupling constant; in Ref. [39], the 
coupling constant of the a pole to the scattering state is kept fixed as g^, while 
the corresponding coupling in our model is proportional to l/(cr)^ as seen in 
the second term of Eq. (jSj), so it varies with the symmetry restoration. For the 
expression (I5|), the coupling Qct is proportional to x/{a), so we can remove the 
(cr)-dependence of the coupling constant by the replacement x -^ x{a)/{a)o. 
We checked that in this case the higher energy pole moves to the position of 
the bare state, namely, our model is qualitatively consistent with the analysis 
in Ref. [Ml studied in the chiral limit. 



In summary, we have examined the softening of the a meson in four different 
models. By comparing model A and model B, we find that the softening of the 
dynamically generated a meson is qualitatively different from the a meson as 
the chiral partner. The formation of virtual state provides a novel softening 
phenomena for the dynamically generated sigma meson. In the energy region 
close to the threshold, the results in models C and D are similar to the model 
B, which can be understood by the dominance of the leading order term of 
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low energy expansion. These observations leads to the following conclusions: 

• If there is a bare a pole term which approaches to the tttt threshold energy 
region as we decrease the chiral condensate, the threshold enhancement is 
driven by the bare pole contribution and the spectral change and the pole 
trajectory will be those in model A (Fig. [21). 

• If the bare a pole does not exist in the threshold energy region even with 
the symmetry restoration (case II for the symmetry restoration), the near 
threshold spectrum is dominated by the dynamically generated a state and 
the results will be similar to those in model B (Fig. E]) • The appearance of 
the virtual state is essential for the novel softening pattern. 



5 Summary 



We study the properties of the a meson in the vrvr scattering associated with 
the restoration of chiral symmetry, in order to extract the quantity which re- 
flects the origin of the resonance. We show that, with the explicit symmetry 
breaking, the pattern of the threshold enhancement of the dynamically gen- 
erated (J meson is qualitatively different from the softening of the a meson 
as the chiral partner of the pion. The special nature of the s-wave resonance 
plays an essential role for this difference; as the symmetry is restored, the dy- 
namically generated a resonance becomes a virtual state with a finite width, 
so the strong enhancement of the spectral function does not take place when 
the real part of the pole position of the a crosses the threshold, in contrast 
to the case with the chiral partner a. When the virtual state turns into the 
bound state, the spectral function shows a sharp peak at the threshold, which 
takes place at a later stage of the symmetry restoration than the a meson as 
the chiral partner. 

We also consider several models with the CDD pole contribution which is 
driven by the QCD dynamics, such as the four quark state and the glueball. 
Analyzing these cases, we find that the softening pattern of the models, in 
which the mass of the bare a is unchanged with the symmetry restoration, is 
boiled down to the result of the dynamically generated a. This is caused by 
the dominance of the leading order interaction of low energy expansion around 
the threshold. Since the low energy behavior of the amplitude is governed by 
the dynamics of the Nambu-Goldstone boson, this conclusion seems to be 
universal as long as the bare a pole stays in sufficiently higher energy region 
than the threshold. 

We also study the mechanism of the dynamical generation of the resonance 
without symmetry restoration, decomposing the interaction kernel into the 
pole term and the contact term. The pole term always generates a resonance 
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in the full amplitude through the coupling to the vrvr scattering state, like 
the Feshbach resonance. It is shown that the contact term should contain 
some attractive component, in order to generate a resonance dynamically in 
addition to the state driven by the pole term of the interaction. 

The property of the dynamically generated a meson in the symmetry restora- 
tion limit is investigated for the discussion of the chiral partner. We find that 
the mass of the dynamically generated a meson is degenerated with the pion 
in the restoration limit, and that the coupling strength to the tttt scattering 
state turns out to be proportional to m^, which vanishes in the chiral limit 
TTiyr — ^ 0. The mass degeneracy with the pion and the vanishing of the cou- 
pling constant are the same behavior with the chiral partner of the pion in the 
symmetry restoration limit. It is rather nontrivial result that the dynamically 
generated a behaves like the chiral partner in the symmetry restoration limit. 

The present framework grasps the essential feature of the vrvr scattering, such 
as chiral symmetry, analyticity, and unitarity. We point out the important 
role of the finite pion mass for the property of the a meson associated with 
the chiral symmetry restoration. The finite pion mass changes the qualitative 
property of the softening, and the behavior of the a pole in the restoration 
limit. We should however keep in mind that there are some more effects to 
be included in the realistic situation, i.e., the p meson in t-channel exchange, 
KK channel in three flavors, 11^(1) anomaly effect, and so on. Among others, 
it should be interesting to study the softening phenomena in a framework with 
exact crossing symmetry [T|2|3] , since the effect of the crossed channels would 
be important for the softening behavior around the threshold and the bound 
state below the threshold. We hope that the present analysis provides a first 
step for the systematic study in more realistic framework. 
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